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EXISTENCE OF WEAK SOLUTIONS
TO STOCHASTIC DIFFERENTIAL EQUATIONS
IN THE PLANE WITH CONTINUOUS COEFFICIENTS
BY
J. YEH!

ABSTRACT. Let B be a 2-parameter Brownian motion on R%. Consider the non-
Markovian stochastic differential system in 2-parameter

dX(z) =a(z, X) dB(z) + B(z, X) dz forz € R},
X(z)=¢ forz € 3R%,

X(z)=X(0)+jR a(g,X)dB(g)Jr/R B(¢. X)dt forze R,
X(0) = £,

where R, =1[0,5]X[0,¢] for z=(s,t) € R%. An existence theorem for weak
solutions of the system is proved in this paper. Under the assumption that « and B8
satisfy a continuity condition and a growth condition and E[£%] < o0, it is shown
that there exist a 2-parameter stochastic process X and a 2-parameter Brownian
motion B on some probability space satisfying the stochastic integral equation
above, with X(0) having the same probability distribution as .

0. Introduction. Let a partial ordering be introduced in R% by defining z < z’
when s < s’ and t < t’ for z = (s,¢) and z’ = (s’, ') in R%. We write z < z’ when
s <s’ and ¢ < t’. Similarly we write z A z’ for (s As’,t At’) and z V z’ for
(s Vs, t vV t’). We use the notations R, and R, for [0, s] X [0, ¢] and the notation
(z,2'] for (s,s’] X (¢, 1] when z < z’. Likewise we write [z, z’) for [s, s) X [z, ")
and [z, z’] for [s, s’] X [¢, t'].

Throughout this article, by a 2-parameter stochastic process on a probability space
(2, &, P) we mean a real valued function X on R% X Q such that X(z, -) is /B(R)
measurable for every z € R%. For such a process X we write X, X, ,, X(z) and
X(s, t) for X(z,-) when z = (s, t) € R%. For z < z’ we use the notation X((z, z'])
for X(s’,t") — X(s,1") — X(s’,t) + X(s, t). We write X = 0 when X, = 0 for z in
the boundary dR? of R?..
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Let (2, &, P; &., z € R%), or briefly (2, &, P; &.), be a probability space with a
family { ., z € R%) of sub-o-fields of % satisfying the usual conditions. Consider
the stochastic differential equation of non-Markovian type in the plane

dX,=a(z, X) dB. + B(z, X) dz,

i.e.,
X, = X, — X0+ Xo0= /R a(¢, X) dB; + fR B(%, X) d¢

for z = (s, 1) € R%, where B is an { &, }-Brownian motion on (&, &, P; &.) with
9B = 0 and dz denotes integration with respect to the Lebesgue measure on R? . The
coefficients a and B are real valued functions on R% X W, where W is the space of
all continuous real valued functions on R, satisfying certain measurability condi-
tions which imply that for each w € @, a(z, X(-, w)) and B(z, X(-, w)) depend only
on that part of the sample function X(-, w) of X which precedes z in the sense of the
partial ordering of R?.

In [18] we showed that under a Lipschitz condition on a and B the solution of the
stochastic differential equation, if it exists, is pathwise unique. We showed also that
if @ and B satisfy, in addition to the Lipschitz condition, a certain order of growth
condition (see condition (C2) in §1), then for every {,}-adapted 2-parameter
stochastic process Z defined on dR% and having a locally bounded second moment
on dR? the stochastic differential equation has a strong solution whose restriction to
0R? is equal to Z.

Let us now replace the Lipschitz condition in [18] by a continuity condition (see
condition (C1) in §1) on a and B. Under the assumption of (C1) and (C2) on the
coefficients a and B and with an $,-measurable random variable £ on (£, &, P), we
consider the stochastic differential equation with the boundary condition X, = £ for
z € 9R?%, i.e., we consider the stochastic differential system

(0.1) X(z)=X(0)+fR a({,X)dB§+fR B(¢, X)d¢ forze R,

(0.2) x(0) = .

The main result of this paper is that when E[£°] < oo, the stochastic differential
system has a weak solution.
A particular case of the stochastic differential equation (0.1), namely the Markovian

type,

(0.3) x(z)=x(o)+[R a(X({))dB§+fR b(X(¢))dt forze R,

where the coefficients a and b are real valued functions on R, has been treated by C.
Tudor [14). He showed the existence of a weak solution of (0.3) under the assump-
tion that a is continuous and satisfies the boundedness condition 0 < C; < a*(x) <
G, for x € R and b is measurable and bounded.

In treating (0.1), we adopt the approach in Watanabe [16] for stochastic differen-
tial equations in one-parameter with continuous coefficients. The contents of the
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present paper are as follows. In §1 we give the definitions that are needed in the
paper. In Theorem 2.2 in §2 we show that the stochastic differential system (0.1) and
(0.2) has a solution when the coefficients « and B in (0.1) are step functions in
z € R? satisfying the order of growth condition (C2) in §1 and the random variable
¢ in (0.2) has E[£2] < co. When « and B are continuous on R% X W they can be
approximated by sequences of step functions a, and B8, / = 1,2,..., which inherit
the order of growth condition from a and B. The stochastic differential system (0.1)
and (0.2), with a, and B, as coefficients, then has a solution X, for / = 1,2,.. ..

Proposition 3.1 in §3 states that the moments of X,, / = 1,2,..., are uniformly
bounded. Specifically, for every n =2 or n > 4 and T > 0 there exists a constant
C, r = 1 such that

(0.4) E[1x,(2)["] < {1+ E[Jg"]} 26 1

for z =(s,t) < (T,T) and / = 1,2,.... The estimate (0.4) is an extension of the
estimate due to J. Reid [11] for a single solution. By means of (0.4) we show in
Proposition 3.2 that if E[§®] < oo, then X,/ = 1,2,..., satisfy a uniform Kolmogorov
condition in the sense that for every T > 0 there exists I';. > 0 such that

(0.5) E[|X(2) - %,(:)[] < Tz, 27y

forall z, 2/ < (T, T)and / = 1,2,..., where d is the Euclidean metric on R?.

The condition (0.5) implies that for some subsequence /(k), k = 1,2,..., of
! =1,2,..., there exist continuous 2-parameter stochastic processes X;*, k = 1,2,...,
and X* on some probability space satisfying the conditions that X;* and X, have
the same probability distribution and that X;* converges a.s. to X* in the topology
on W of uniform convergence on every bounded subset of R%. Let { &, ., z € R%})
be the standard filtration associated with X *. In Theorem 4.1 in §4 we show that
under the conditions (C1) and (C2) on « and B the 2-parameter stochastic process
M * defined by

(0.6) M*(z) = X*(z) — X*(0) —/R B(¢, X*)d¢ forz e R}

is a continuous, square integrable, { &, . }-strong martingale and furthermore a
2-parameter increasing process ( M *) associated with M * is given by

(0.7) <M*>(z)=fR a(t, X*)’dt forzeR:

so that there exists an extension of the probability space on which X * is based, with
a 2-parameter Brownian motion B* on it satisfying

(0.8) X*(z) = X*(0) +/R (8, X*) dB +fR B(¢, X*)dt forze R

with X *(0) having the same probability distribution as §.

Equations in this paper, except for those in a proof, will be numbered as (m, n)
with m indicating the section in which the equation appears. Equations in a proof
will be numbered simply as (n).
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1. Definitions and notation. For the definitions of an equipped probability space
(R, F, P; ., z € R%), or briefly (2, , P; §.), and the sub-o-fields §. = &, . and
Fi=F., of & for z=(s,t) € R%, we refer to [18, Definition 1.1]. We write
M(F,), MY(F,) and M(F,) respectively for the linear spaces of equivalence
classes of martingales M with 0M = 0, weak martingales M with dM = 0 and strong
martingales with respect to { &,} in the sense of R. Cairoli and J. B. Walsh [2]. A
superscript 2 added to I will signify the subspace of square integrable members and
the subscript ¢ will signify the subspace of continuous ones. For the definition of the
linear spaces £,(%,), p € [1, 0), of equivalence classes of 2-parameter stochastic
processes, see [18, Definition 2.4). Similarly we define & (% ,) to be the linear space
of equivalence classes of measurable {{,}-adapted stochastic processes ® on
(2, ¥, P; &) such that for every T > 0 there exists C; > 0 satisfying

|®(z)|< C; forallz < (T,T)as.

For a 2-parameter stochastic process X on a complete probability measure space
(2, §, P), let N be the collection of the null sets and define

@XVZ=U{X(§)’§<Z}’ '@x.::o(@)(,zum)»

Sx.= N D xs+e.4+e) foreveryz = (s, 1) e R
&>0

(1.0)

{ & x..» 2 € R:} will be called the standard filtration associated with X.

DEFINITION 1.1. By an { §, }-Brownian motion we mean a 2-parameter stochastic
process B on an equipped probability space (£, &, P; &,) such that:

1°. Bis { &, }-adapted,

2°. every sample function of B is a continuous function on R?,,

3°. B((z, z’]) is distributed by N(O, (s” — s)(¢’ — t)) for every z = (s, t) and
z" = (s’,t’)such that z < 2/,

4°. B((z,2z’]) and o(§! U F?) are independent for every z and z’ such that
z<z. O

REMARK 1.2. Consider the Wiener space (W, B(W), m,, ), where W is the space
of all continuous real valued functions on R?, B(W) is the o-field of subsets of W
generated by the cylinder sets in W and m,, is the Wiener measure on B(W),
concentrated on the elements of W which vanish on dR? , having the value

m){ T16s,- )}{ I1(, - r,_l)}m}_m

i= Jj=1

xfE“ (mn)/EM exp[— %i

X{u; ;= w_yj—u ;g + ui—l,j—1}2:| duy, --- du,,,
with u, . = u,, = 0 for the cylinder set C in W given by
C= {w e wW; w(s,.,tj) €E fori=12,..,m,j= 1,2,...,n},

mw(c) =

Y

1 il {(Si - si—l)(tj - tj—l)}_l

where 0 = 5, <s; < --- <s5,,0=1¢,<t;, <--- <t,and E, ; € B(R).
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The space W is a complete separable metric space with respect to the metric p,,
defined by

pw(ww) = L 274 max fwi(s,0) = wy(s, )| A1)
k=1 (s.1)<(k,k)
for w,, w, € W. Furthermore B(W) is equal to the o-algebra of the Borel sets in the
metric topology generated by p ;..
If we define a 2-parameter stochastic process B on the probability space
(W, B8(W), m,) by

B(z,w)=w(z) for(z,w)eRLX W,

then its probability distribution is m .

Let &, be the completion of B(W ) with respect to m,, and let { & 5 ,, z € R%} be
the standard filtration associated with B on the complete probability measure space
(W, &y, my,) as defined by (1.0). Then (W, &, m,; &p..) is an equipped proba-
bility space and B is an { { 5 , }-Brownian motion with 9B = QO onit. O

For the class M(R% X W) of functions to which the coefficients « and 8 of
stochastic differential equation (0.1) belong, see [18, Definition 3.2].

REMARK 1.3. If a is a measurable transformation of (R, B(R)) into (R, B(R)),
then a defined by a(z,w) = a(w(z)) for (z,w) € R, X W belongs to the class
M(R2 X W). (This is the type of coefficients in the stochastic differential equation
0.3)) O

REMARK 1.4. Let a € M(R% X W). Then for each fixed z € R%

a(z,w(-Az))=a(z,w) foreveryw e W.
In particular for every wy, w, € W,
wi(§) =wy(§) forall{ <z=a(z,w)=a(a,w,). O
ProOF. With z € R?, fixed, consider the random vector [w({), ¢ < z], w € W, on
the measurable space (W, B(W)). Let (RI>:], B%:]) be the product measurable
space [, _,(R;, B(R,)). Since a(z, -) is a measurable transformation of (W, B ,(W))
into (R, B(R)) and since B,(W) is the sub-o-field of B(W) generated by the

random vector [w({), { < z], w € W, there exists a measurable transformation ¢ of
(R[] 81021y into (R, B(R)) such that

a(z,w) =o([w(¢), ¢ <z]) forwe W.
Then
a(z,w(-Az)) =o([w(EAz)$<2])
=o([w(),t <z])=a(z,w) forwe W. O

DEFINITION 1.5. Let a, 8 € M(R% X W). By a solution of the stochastic differen-
tial equation

(1.1) x(z)=x(o)+[R a(t, X)dB§+fR B({, X) d¢ forze R2
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we mean a pair of 2-parameter stochastic processes (X, B) on some equipped
probability space (£, &, P; &) satisfying the following conditions:

1°. B is an { &, }-Brownian motion with dB = 0,

2°. X is an { &, }-adapted process whose sample functions are all continuous on
R%,

3°. the two 2-parameter stochastic processes ® and ¥ on (£, &, P) defined by

(1.2) O(z,0)=al(z, X(-,w)) for(z,w)e R:iXQ,
(1.3) ¥(z,w)=B(z, X(,w)) for(z,w) e R X Q

are in ¥,(%,) and (&) respectively,

4°. with probability 1, (1.1) holds for all z € R%. O

Consider the following continuity condition (C1) and order of growth condition
(C2)onoura, B8 € MR, X W):

(C1) a and B are jointly continuous in z and w.

(C2) There exists a Borel measure A on R% which is finite for every compact subset
of R% and satisfies the condition that for every T > 0 there exists L, > 0 such that

(1.4) a(z,w) + B(z,w)* < LT{fR. w(¢)A(de) + w(z)’ + 1}

for all z < (T, T) and w € W. Let us write for brevity

The objective of this article is to show that if a and B satisfy (C1) and (C2), then
(1.1) has a solution.

For the collection L5(3,) of 2-parameter stochastic processes, see [18, Definition
3.9].

REMARK 1.6. Let a, B € M(R% X W) and let X be an { &, }-adapted 2-parameter
stochastic process on an equipped probability space (&, &, P; &) whose sample
functions are all continuous on R%. Then ® and ¥ defined by (1.2) and (1.3) are
{ &% .}-adapted measurable processes on (R, &, P; & ). If in addition a and B satisfy
the order of growth condition (C2) and X is in LY(,), then @, ¥ € &,(%,). O

2. Solution of the stochastic differential equation with stepwise coefficients.
DEFINITION 2.1. Let M(R%3 X W) be the collection of all @ € M(R% X W)

satisfying the additional condition that there exist 0 = s, < s, < --- with lim,_ _s;
= o0 and 0 =1, <1 < --- with lim, ¢, = oo such that with z, ;= (s, 1;) for
i, j=0,1,2,..., we have a(z,w)=a(z, ;,w) for z € [z,.‘j, Zy ) fori, j =

0,1,2,...,andwe W. O

The following theorem is a modification of the standard one-parameter proof. See
C. Doléans-Dade and P. A. Meyer [4], J. Jacod and J. Memin [7] or S. Watanabe
[16).

THEOREM 2.2. Let (R, &, P; &.) be an equipped probability space on which an
( &.)-Brownian motion B with 3B = 0 exists. Let a, B € M(R% X W) and assume
that « and B satisfy the order of growth condition (C2) in §1. Then for every
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& o-measurable random variable § on (R, &, P) with E[£2] < oo there exists a 2-
parameter stochastic process X on (R, &, P) such that

(2.1) X € Ly(3.),
(2.2) X(0) =¢
and ( X, B) is a solution of the stochastic differential equation (1.1), i.e.,

(2.3) x(z)=x(o)+jk a(t, X)dB§+j; B(¢, X)dt forzeR:. O

PROOF. Let us define a 2-parameter stochastic process X,,, on (£, &, P) by setting
(1) Xoo(z,0) = £(w) for(z,w) € R X Q.

Note that X, € L5(5.) trivially.
Next, let us define a 2-parameter stochastic process X, ; on ({2, &, P) by setting

(2)
Xo0(0) + | a(0, Xo0) dB, + | B(0, X,,)d¢ forzeR, ,

X,,(2) = 00 j;: 0.0) 4B fR: 0.0 .

X11(z A zpy) forz € R%, - R, ,

where the two stochastic integrals exist according to Remark 1.6 since X;,, € L5(%,).
Our X, has the following properties:

Xia(z A zyy) = Xy4(2) forzeRL-R,

X1 € Lo(3.),
X1,(0) = ¢,
X1, satisfies (2.3) on R, .

(3)

The first and the third property in (3) are obvious from (2). For the left side of (2)
forz € R,  we have by (1.4) and (1.5)
sup E[Xu(z)Z] < 3HE[£] +(1 + sy1) s, L{ (Ao + 1E[£2] +1}} < co.
s
This, together with the way X, is defined on R? - R, by (2), implies that
X, € L5(&.). Then according to Remark 1.6, the stochastic integrals
Jr. (8, X, ) dB; and [p B($, X, ) d§ exist for z € R%. It remains to show that X,
satisfies (2.3) on R . Recalling X, ;(0) = X;,(0) we have by Remark 1.4 and then
by Definition 2.1,

(4) {0‘(0, Xo.o) = «(0, Xi1) = (s, Xi1)
B(o, Xo.o) = B(0, X1.1) = B(¢, X1,1)
Then from (2) and (4) we have

for¢ € [0, z,,).

X,,(2) = X,,(0) +fR a($, X, ,) dB; +/R B(¢, X,,)d¢ forzeR, ,

ie., X, satisfies (2.3) on R . This completes the verification of (3).
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Next, suppose that for some (i, j) there exists a 2-parameter stochastic process
X;.jon (2, &, P) with the following properties:

X,'j(z ANz ;)=X (z) forzeR,— R, ,
X, ; € Ly(3.),

X, ;(0)=¢

X, satisfies (2.3) on R, .

ij

(5)

We proceed to show that under the assumption of existence of such X; ; there exists
a 2-parameter stochastic process X, ;on (2, &, P) such that

Xi+1,j(z)=Xi.j(Z) forzGRzi'j,

(6) A,i+l,_/(z A Ziv1 j) i+1,j(z) fOI'Z € l!24-_ Rz,H‘ja
X, € L3(3.),
Xii1, satisfies (2.3) on R, | .

To construct such a process X;, , ; let us define X,,, ;on R, and on R% — R, by
the first and the second equality in (6) respectively and set

(7) X ) (2) = X (s 0) + [ (.0, X,.,) dB;
[s;.s]1x[0, l]
+ B(si, v, X,.‘j) d¢
[si.s1x[0.1]

for z =(s,t) € [s;, 5,11 %[0,2,] and § = (u,v) < z. The fact that X,,, ; thus
defined is in L5(%,) can be verified in the same way as we did for X, above by
using the assumption in (5) that X, ; is in L5(%,) and by (1.4). To verify that X, ;
satisfies (2.3) on Rz,u,,’ observe first that by (7),
(8) X (s 1) =X, (s;,1) forre[0,1].
By the first equality in (6) and by Remark 1.4,

a(z, X1 ;) =a(z, X, ;) and B(z, Xy, ;) =B(z,X,;) forzeRr,

These equalities and the assumption that X; ; satisfies (2.3) on R, 1mp1y that X, ;
too satisfies (2.3) on R, Next consider z = (s t) € [s;, 5,11 X [0 ] Let us write

9) Xii1,(2 ) Xio1,00) = { Xy ;(2) = X (s, 1)}
+{ X1 (s 1) — X4y ,(0)}

Now since X; satisfies (2.3)on R, ,we have

i+1,j

(10) X1+l j(sl’ t) 1+1 /(0) j; a(g’ A,i+l.j) dB&'

Sit

+ [ B(§ Xiur,) ds foree [0,1].

Rs,.l
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On the other hand from (8) and (7) we have for z = (s, t) € [s,, 5,,1] X [0, t;] and
{=(u,v)<z2
(1) X1 ;(2) = Xy (500 1) = Xipy j(2) = X, (555 0)
= a(si’v’ X:J) dB; + 'B(si’v’ Xz/) as.
L5, s1X[0. 1] [s:. $1X[0. 7]
The fact that X, ; = X; ;on R implies according to Remark 1.4
(12) a(s;, v, X, ; ) afs;, v, X+1,)
=a(u,v, X;,, ;) for(u,v) € [s;,5.1) X [0, tj].
By (12) and a similar expression for 8 we can rewrite (11) as

(13) X () = Xeyso) = [ ol X)) dB;

. B Xo\1 ) &
[si+s1%[0. 7]
for z = (s, t) € [s;, 5,,,] X [0, ¢;] and §{ = (u, v) < z. Using (10) and (13) in (9) we
have

:+1 /( ) l+l _/(0) f {’ l+1_1) dBf

+f B(¢, H/)d{ forze[s,,s,+1]x[0 ]

Thus X, ; satisfies (2.3) on [s;, 5;,,] X [0, #;]. Since X, ,, ; satisfies (2.3) on R, as
we saw above, X, ; satisfies (2.3) on R, o This completes the verification of (6)
forour X, ;.

Similarly under the assumption of the existence of a 2-parameter stochastic
process X; ; on (&, &, P) having the properties (5) we can show the existence of a

2-parameter stochastic process X; ;. ; on (£, &, P) such that

Xi.j+1(z) = Xi.j(z) forz € Rz,‘j’
(14) X; j+1(z A zij+l) = X:/(z) forz € R% — RZ:.JH’
l J+1 € L (% )
X, i1 satisfies (2.3) on R, .

Now starting with X ; constructed by (2) and having the properties (3), we obtain
by using (6) and (14) alternatingly, each step being justified by verification of (5), a
sequence of 2-parameter stochastic processes

X0 X0 Xpgro s X X, ., X

n,n—=1* “n,n> “*n+1,n°

X,

n+l,n+l>--"
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on (£, &, P) having the properties:

X, (z2)=X,,(z) forze R. whenp <iandg <},

Xi.j € L(Z(:g.:)’
Xl./(O) = g’
X, satisfies (2.3) on R .

Let a 2-parameter stochastic process X on (£, &, P) be defined by setting X = X, ;
onR_ ,as (i, j) runs through the sequence (1,1), (2,1), (2,2),...,(n, n — 1), (n, n),
(n+1,n),(n+1,n+ 1),.... Thus defined, X satisfies (2.2) and (2.3). The fact that
X € L5(%) follows from the fact that X; ; € L5(3%.) for (i, j) = (1,1), (2,1), (2,2),
3.2),(3,3),.... O

3. The uniform Kolmogorov condition for the family of solutions of the approximat-
ing stochastic differential systems with stepwise coefficients. For / = 1,2,..., let [-],
be a step function on [0, o0) defined by [s], =27/ for s €[i2™/, (i + 1)277),
i=0,1,2,.... Wewrite[z], = ([s],, [1],) for z = (s, 1) € R%. Witha € M(R% X W),
we define a, € M (R% X W) by

(3.1) a,(z,w) =a([z],,w) for(z,w)eE RAX W.

Let (£, &, P; &) be an equipped probability space on which an { % }-Brownian
motion B with 9B = 0 exists. Let a, 8 € M(R% X W) and assume that « and
satisfy the order of growth condition (C2) in §1. For / = 1,2,..., let «, and B, be
defined by (3.1). Then by Theorem 2.2 for every & ,-measurable random variable §
on (2, ¥, P) with E[¢?] < oo, there exists a 2-parameter stochastic process X, on
(82, &%, P) such that

(3.2) X, € Ly(%.),
(3-3) X/(O) = ¢,
(3.4) X,(z) = X,(0) + /R a,(¢, X)) dB, + fR B, (¢, X)) d¢

forze Ry and/=1,2,....

In order to show that the solutions X, of the stochastic differential systems (3.3)
and (3.4) with stepwise coefficients a, and B, for / = 1,2,... approximating the
coefficients a and B8 in (0.1) and (0.2) satisfy the uniform Kolmogorov condition
(0.5), we obtain first uniform estimates (0.4) for the moments of X,,/ = 1,2,....

ProPOSITION 3.1. Let a, and B,, | =1,2,..., be defined by (3.1) with a, B €
M(R? X W) satisfying the condition (C2) in §1. Let X, be a solution for the differential
system (3.3) and (3.4) for | = 1,2,.... Then for every positive integer n = 2 or n > 4
and every T > Q there exists a constant C, 7 > 1, independent of | = 1,2,..., such that

(33) E[lx, ()" < {1+ B[]} e2cr -1

forz=(s,t)<(T,T)and! =1,2,.... O
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An estimate of the form (3.5) for a solution X of the stochastic differential system
(0.1) and (0.2) with coefficients a, 8 € M(R% X W) satisfying (C2) was proved by J.
Reid (see [11, Theorem 4.2]). By modifying his proof the existence of C, ;> 1
satisfying (3.5) for all / = 1,2,... can be shown. The proof for this is lengthy but not
difficult and will not be presented here.

PROPOSITION 3.2. Let X, be as in Proposition 3.1 for | = 1,2,.... Assume further
that E[£°] < co. Then for every T > 0 there exists Ty > 0 such that

6
(3.6) E[|X,(z) - X,(2)| ] < Tpd(z,2)
forz,z” < (T, T)and!=1,2,.... O

PROOF. Let T > 0 be fixed. For z, z’ < (T, T), where z = (s, t) and z’ = (s', t'),
let us introduce the following notations:

S1=8SASs, s;=sVs, =tANLt, =tV
(1) (zy=zAz =(s;,1)), z,=2V 2z =(s,,1,),
A =[5, 5] x[0,4], A, =1[0,5]x[t,1,], A;=[s1,5,] X[t;,1,].

From (3.3) and (3.4) we have
(2) IX/(Z)_X/(Z’)I< Azs:l{llk(“l)"'“l*’k(ﬁl)'}’
where we set
(3) ILi(a)= '[Ak a8, X;) dB; and J,(B) = '/Ak B¢, X;) dt fork =1,2,3.
Let I, 5, a, 5 and b, , be defined by
1 when sup |X,(§, w)|< N

Ln(z,0) = { <z for (z,w) € R”EX Q
0 otherwise

and
aI,N(Z’w)=II.N(z’w)aI(Z’ X/(‘,"-’)) 2
{bI.N(z’ w)= II,N(Z’ "’)IBI(Z» X,(-, "-’)) for (Z’ ©) € R.x 8.
Then by (2) and (3)
3
(4) 'X/(Z) - X/(Z/)|1/.N(Zz) < Z {llk(al.N)I +|Jk(bl.N)|}’

k=1
where we set

(5) Ik(a,_N)=A a,y(¢) dB, and Jk(b,‘N)=/A b, y(£)dt fork=1,2,3.

k

Thus

©6) E[[X(2) = X Tn(22)] < 65 T {E[1(a,0)] + E[ 705,00 }.

k=1
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Now if ® € &_(F.), 2,2z, € R%, A = [z, z, + z] and 7 is a translation in R% by
zp, 1€, 7($) =z, + ¢ for { € R%, then

(7) E[{/ <1>(§>d3;}} <ym, (8)’ [[ (7(%)) dg]

where y > 0 is an absolute constant and m, is the Lebesgue measure on R?. (See
Theorem 2.1 in Guyon and Prum [5].) If we define three translations 7, 7, and 7, in
R% by 7,($) = (s, + 4, 0), 7(§) = (u, t; + v) and 75(§) = (s, + u, t, + v) for { =
(u,v) € R with 77 '(A;) = [0, s, — 5,1 X [0, 1,], 5 '(A,) = [0, 5,] X [0, ¢, — ¢,] and
5 1(A3) = [0, s, — 5,] X [0, £, — 1,], then by (7) we have

(8) E[ 1, (a,0)°] <ym,(8,)} [/ a(7(5), X)° dg]

for k = 1,2, 3. Regarding E[J,(b, »)®], we have by Holder’s inequality

1/6
| < mL(Ak)”“{ [ (@) ds“}
A A,

and therefore by the translation invariance of m; and then by the definition of b,

(9 E[‘Ik(blN)] <m (8, ) [/ TA(f) X/) df]

(A‘)
for k = 1,2,3. Using (8) and (9) in (6), letting n — oo on the left side of (6) and
recalling lim 5 _, I, y(z,) = 1 by the continuity of the sample functions of X;, we
have

3

<60 % m, (8,){y +m (8,))

(10) E[|X,(z) - X,(z

[ Ela(n(0). %) + B (2). %) 4.

7 N80

For { € 7, 1(A,), we have 7,($) € A, € [0, T] X [0, T). Therefore by (3.1) and (1.4)
we have

a,(7.($), X/)6 + B (7 ($), X/)6
(11) < {a/(Tk(f)* X/)2 + B(7(8), X/)Z}3

Lsr{l + XI([TA'({)]I)Z +

3

X,(f)zx(dz)}

[0.T])x[0.T]

for { € 77 '(A,). In expanding the cubic power in the last member of (11) we obtain
finitely many terms, the expectation of each of which is bounded by a positive
number which depends only on T, L, A in (1.4) and (1.5), E[£¢°], C, 1, C, ;- and
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Cs. in Proposition 3.1. Let us show the calculation for just one term as an example
Thus for instance

2
E[x,([n.(:)],)z{ I XM @) }
[0. T]X[0.T]

~ el (L) 0 HE O (5)

= [, B OL) X @) X @ ]ox ) (a£)

<[, A1) T ') TR ) T x ) (a7 6)

< [{1 + E[§6]}CXP(2C6.TT2) - 1]A2T
by (3.5) in Proposition 3.1. Similar estimates hold for the other terms in the
expansion of the cubic power in (11). Therefore there exists a positive number K
depending only on T, L, A1, E[£°], C, 7, C, r and C - such that
(12) E[“/("'k(f)» X/)6 + By(m($), X1)6] <Kp for§en(4,).
Using (12) in (10) we have
E[IX/(Z) - X,(z )l ] 6KT mL(Ak)Z{Y + mL(Ak)s}mL(”k_l(Ak))

3
< 6K (y+T%) Y m,(A,) forz,z/ < (T,T)and/=1,2,....

k=1
"From )]
’"L(Al)3 = (s, — 51)3t13, ml.(Az)3 =si(t, - t1)3
and
3
m(8;)" = (s, - sl)a(tz - tl)s,
and thus
3 2 21372
m(8,) < {(s2 —5) (- 1) } T’
= T%(z,2’)® fork=1,2,3.
Therefore

E[|X,(z) - X,(z')|°] <Tpd(z,2’) forz,z’ <(T,T)andl=1,2,...,

where I';. = 3 - 65T 3K (v + T*). This completes the proof of (3.6). O
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4. The existence theorem for solutions to the stochastic differential equations with
continuous coefficients. Suppose a sequence Y,, / = 1,2,..., of continuous 2-param-
eter stochastic processes on a probability space (£, &, P) satisfies the following
conditions:

there exist y > 0 and M > 0 such that
E[|Y,0)'] <M forr=1,2,...,

there exist « > 0, 8> 0 and M;> 0 for T=1,2,... such
(4.2) that E[|Y,(z) — Y(2")|*] < Myd(z, z")**Fforl=1,2,... and
z,z' < (T, T).

Let P" be the probability distribution of Y, on (W, B(W)) for / = 1,2,.... The
conditions (4.1) and (4.2) imply that the set { P,/ = 1,2,...} in the space B (W) of
all probability measures on (W, B(W)) is tight. Let B(W) be metrized by the
Prohorov metric so that a sequence in *B(W') converges to an element Q in B(W) if
and only if the sequence converges weakly to Q. Since (W, p, ) is a complete
separable metric space, the tightness of { P,/ = 1,2,...} is equivalent to its relative
compactness in B (W). Therefore there exists Q € B (W') such that

(4.1)

weak
PYwr 5 Q ask - oo

for some subsequence /(k), k = 1,2,... of / =1,2,.... The statements above are
extensions to 2-parameter stochastic processes of analogous statements for 1-param-
eter stochastic processes which are proved for instance in N. Ikeda and S. Watanabe
[6]. We note that the power of the Euclidean metric on the right side of the condition
(4.2)is1 + B, B > 0, for 1-parameter stochastic processes.

THEOREM 4.1. Let a, B € M(R:2 X W) and assume that a and B satisfy the
continuity and order of growth conditions (C1) and (C2) in §1. Let p be a probability
measure on (R, B(R)) with [g xu(dx) < co. Then the stochastic differential equation
(1.1) has a solution (X, B) in which X(0) has p as its probability distribution. 0O

PROOF. Let (W, &, my; &p.) be the equipped probability space with the
{ & .. }-Brownian motion B with 3B = 0 on it as constructed in Remark 1.2. Let §
be an &z ,-measurable random variable on (W, &, m,,) whose probability distri-
bution on (R, B(R))is p. For/ = 1,2,..., let X, be 2-parameter stochastic processes
on (W, &, m,) satisfying (3.2), (3.3) and (3.4) with our £, where a, and B, are
defined by (3.1) with our a and B. The collection { X,/ = 1,2,...} satisfies (4.1) and
(4.2) by (3.3) and Proposition 3.2 respectively. Then for the probability distributions
m¥ of X, on (W,B(W)), | =1,2,..., there exists a probability measure Q on
(W, B(W)) such that

weak
(1) mpk > Q ask = oo

for some subsequence /(k), k = 1,2,... of [ = 1,2,....
Now a continuous 2-parameter stochastic process on the probability space
(W, &y, my) such as our X, is a measurable transformation of (W, g, ) into
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(W, B(W)), i.e., it is a W-valued random variable on (W, &, ). Since (W, p,, ) is a
complete separable metric space, (1) implies according to A. V. Skorokhod [12] that
there exist continuous 2-parameter stochastic processes X*, k = 1,2,..., and X* on
some probability space (2, &, P) satisfying the conditions

(2) PX¢ =mfw fork =1,2,...,

where P X is the probability distribution of X;* on (W, B(W)), and

(3) lim X*(-,0)=X*(-,0) in(W,p,)forae win(Q,F, P).
k— o0

(i) Let us define M, ,, € M3 (Fp ) fork = 1,2,... by

(4) Ml(k)(z) = j;: “l(k)(f, X/(k)) ng-
By (4) and (3.4) we have
(5) Ml(k)(z) = Xl(k)(z) - Xl(k)(O) _j; Bl(k)(f’ Xl(k)) das.

Let us define a continuous 2-parameter stochastic process M* on (£, &, P) by
(6) M¥(z) = X2 (2) = X2(0) = [ B8, X2) 5.

Let { &, .} be the standard filtration on (£, §, P) associated with X;* as in (1.0)
for k =1,2,.... Now M is { &, .}-adapted, continuous, and square integrable,
with 9M* = 0, since the same is true of M, ,. To show that it is an {, ,}-strong
martingale, we need only verify

) B w5, D TTA(xe6)| = 0
whenever { < z, each f; is a bounded, continuous, real valued function on R, and
§ # & fori=1,2,...,n But (7) is true, since it holds with M, replacing M}*, and
the left side of (7) depends only on the law of X*. Similarly
(8) M= [ a($, Xe) ds forze R

RZ
is an { §§, , }-martingale and therefore

(9) (ME)(z) = fR a0 (6 XV dt forz e R

(ii) Let { & . } be the standard filtration on (£, &, P) associated with X *. Define
an {3, }-adapted, continuous process M * with 9M * = 0 on (Q, ¥, P) by setting

(10) M*(z) = X*(z) — X*(0) —fR B(¢, X*) d¢ forz € R:.

To show that M * is a square integrable { § ., , }-strong martingale, let us show first

(11) klim MX(z)=M*(z) forallz € R?% as.
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and

(12) sup E[M,j(z)"] < oo forzeR?.
k

Now since [-],, converges uniformly to the identity function on [0, 0) and B is
continuous, we have from (3.1) and (3)

lim B,,(z, X¥) = B(z, X*) uniformlyinz € Ry as.
k — 00
for every T > 0. Therefore
(13) lim [ (8 Xx)db = [ B, X*)dY as.
k—oo YR, R.

From (5), (6), (3) and (13) we have (11). To prove (12) note that from (6)

(14)  E[Mx(2)*] <3°E

Xx(2)° + x2(0)° +{fR B (& X¥) d§} ]

For the first two terms on the right side of (14) we have by (2), (3.3) and (3.5)
(15) E[ Xx(2)°] + E[ X2(0)] < 2{1 + E[£°] }exp(2C, rst)

forz =(s,1) < (T,T) and k = 1,2,.... For the third term on the right side of (14)
we have by applying Holder’s inequality with indices p = 6 and ¢ = §
(16)

E

[, s 1] <o), s 1]

< TUYK, forz=(s,t)<(T,T)andk =1,2,...

by (12) in the proof of Proposition 3.2. By (14), (15) and (16) we have (12).
Now (12) implies the uniform integrability of { M*(z)2, k = 1,2,...}. Then by
(11), M*(z)? converges in L'(2, &, P) to M*(z)? and in particular

E[M*(z))] = lim E[Mp(z))] < o

by (12), proving the square integrability of M *.
To show that M * is an { &, . }-strong martingale, it remains to verify

(a7 E[M*((s”, 20) 1jf,-(x*<§,))] _o,

where ¢, z, f, and ¢, are as in (7). Now the integrand in (7) converges a.s. to that in
(17) by (3) and (11). Also

sup E[M,;“(({, z])"i;l_’[lfk(xk*(f,-))j

< {sup ﬁf,-(x)é}{sl;p B[ M2 (5. 2]} < o0

xeR i=1

by (12) so that the integrands in (7) for k = 1,2,... are uniformly integrable.
Therefore by letting k — oo in (7) we obtain (17).
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For the continuous, square integrable, { &, . }-strong martingale M *, consider
(18) M*(z)2=fR a¢, X*)2d¢ forz e R,

From (13) with B replaced by a, (11) and the fact that (8) is an { &, ,}-martingale
follows that (18) is an {, .}-martingale by the same sort of argument as in
showing that M * is an { & , }-strong martingale. By (18) we then have

(19) <M*>(z)=fR a(¢, X*)2d¢ forz e RY.

(iii) Now that (19) holds, there is an extension of the probability space (L2, ¥, P)
on which X * is based, with a Brownian motion B* thereon, so that

M*(z)=fR (¢, X*) dB¥ forz € R%,
and hence by (10) -
X*(z) = X*(0) +fR a(¢, X*) B} +fR B(¢, X*)dt forzeR%,
as required. O . .
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